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Abstract
The quasiparallelism relation on the lines of a nite linear space is investigated in connection
with the embedding and characterization problems for nite linear spaces. c© 1999 Elsevier
Science B.V. All rights reserved.
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1. Introduction
A non-degenerate nite linear space is a pair L= (P; L), where P is a nite set of
points and L is a family of proper subsets of P, which are called lines, such that
(L1) any two distinct points lie on exactly one line;
(L2) any line contains at least two points;
(L3) there exist at least two lines.
In the following we are concerned with non-degenerate nite linear spaces.
We set v= jPj and b= jLj.
The degree of a point x is the number rx of lines on which it lies. The integer n,
where n + 1 = maxfrx:x 2 Pg, is called the order of the space. The length or degree
k` (also denoted by j`j) of a line ` is the number of points it contains. Every line of
maximal size will be called a long line. All other lines will be called short lines. A
k-line is a line of length k. We denote by ext(`) the number of lines which miss `
and by j`?j the number of lines, other than `, which meet `. We set i(`) = j`?j+ 1.
We denote by x; y the line joining a point x to a point y.
A family of mutually intersecting lines, with at least three non-concurrent lines, will
be called a clique. A clique C is said to be maximal if there exists no clique C0 which
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properly contains C. A family of pairwise disjoint lines will be called a spread. A
spread S is called maximal if there exists no spread S 0 such that S  S 0.
An incidence structure with constant point degree n+1 is called an (n+1; 1)-design
if any two distinct points lie on a unique line.
de Bruijn, Erd}os and Hanani proved that in a nite linear space L the relation v6b
holds [1,2,8]. Furthermore, v = b if, and only if, L is a generalized projective plane.
The inequality v6b has been improved by Erdos et al. [3] for non-degenerate nite
linear spaces, as follows. If n is the unique integer with n2 − n + 26v6n2 + n + 1,
then we have b>B(v), where
B(v) =
8<
:
n2 + n− 1 if n2 − n+ 2 = v 6= 4;
n2 + n if n2 − n+ 36v6n2 + 1 or v= 4;
n2 + n+ 1 if n2 + 26v6n2 + n+ 1:
Let L = (P; L) and L0 = (P0; L0) be two nite linear spaces. We say that L is
embedded in L0 if PP0 and L = f`0 \ P: `0 2 L0 and j`0 \ Pj>2g. Hall proved
in [2] that every nite linear space can be embedded into an innite projective plane.
Therefore, the following question naturally arises: when a nite linear space of order n
can be embedded into a projective plane of order n? Vanstone [14] proved that every
(n+ 1; 1)-design with n2 + n+ 1 lines and v>n2 points is embeddable in a projective
plane of order n. P. de Witte proved that a nite linear space, other than a near-pencil,
on v points, where n26v6n2 + n + 1, can be embedded into a projective plane of
order n if, and only if, b6n2 + n+1. Stinson gave a short proof of this result in [13].
In [12] Metsch considered an (n + 1; 1)-design D with at least n2 − n + 1 points and
at most n2 + n lines. Metsch proved that D can be embedded into a projective plane
of order n and b= n2 + n. Furthermore, in [12] Metsch considered also a linear space
L on v points, with n2 − n + 26v6n2 + n + 1, and b = B(v) lines. Metsch proved
that either L is embeddable into a projective plane of order n or L is the space E1
on 8 points, 11 lines, with one 4-line, six 3-lines and four 2-lines. If v = n2 − n + 2
and b = n2 + n = B(v) + 1, either L can be embedded into a projective plane of
order n or L is a (3; 6)-cross. Finally, if L is a linear space on n2 + n+ 1 lines and
v>n2 − n=2+ 6 points, with constant point degree n+1, for integer n>2, then L is
embeddable in a projective plane of order n [12].
Let n = m2 be a perfect square and  a projective plane of order n. A projective
plane B of order m, which is embedded in , is called a Baer-subplane in .
The linear space L= (P; L) on n2 −m points and n2 + n+ 1 lines obtained from 
removing the points of B is called the complement of the Baer-subplane B. Let L0 be
the family of lines ` in  such that j`\Bj> 1. The n+m+1 lines of L obtained from
the lines in L0 induce a partition of the set of points in L. If we let these n+m+1 lines
in L intersect in a new point 1, we obtain a new linear space L0 = (P0; L0), where
P0=P[f1g. L0 has n2−m+1 points and n2+n+1 lines. The point 1 lies on n+m+1
lines of length n−m+1. L0 is called the closed complement of the Baer-subplane B
in the projective plane . In [11] Metsch considered a non-degenerate linear space L
with n2 + n+1 lines and v>n2− n=2+1 points. Metsch proved that, if some point in
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L has degree at least n+2, then n=m2 is a perfect square and L can be embedded
into the closed complement of a Baer-subplane in a projective plane of order n.
A subspace of a linear space L = (P; L) is a subset X of P containing the line
passing through every pair of its points.
The subspaces X1 and X2 are quasiparallel [10] if either X1 = X2 or, if X1 6= X2:
jX1 \ `j= jX2 \ `j
for all lines `* X1[X2. We shall use the notation X1  X2 to mean that the subspaces
X1 and X2 are quasiparallel.
The relation of quasiparallelism is an equivalence relation. The equivalence class of
a line ` will be denoted by [`]. Melone and Ott remarked in [10] the following results
for lines `1  `2, with `1 [ `2 6= P.
(i) j`1j= j`2j;
(ii) rx = j`1j+ 1 8x 2 `1 [ `2 if `1 \ `2 = ;;
(iii) rx = j`1j 8x 2 (`1 [ `2)− fyg if `1 \ `2 = fyg.
If an equivalence class contains two lines with an empty intersection, then any two
distinct lines in that class have no point in common. As an elementary consequence,
an equivalence class [`] of cardinality h>2 is one of the following:
(a) [`] is a C-class or a class of type C if a clique contains every line in [`] and
there are at least three non-concurrent lines;
(b) [`] is a P-class or a class of type P with center x if a pencil with center x
contains every line in [`];
(c) [`] is an S-class or a class of type S if a spread contains every line in [`].
In the following an equivalence class [`] will be called singleton if [`] contains the
unique line `.
In [5] we collect some general results on equivalence classes of quasiparallel lines
in a nite linear space and study the question of existence of two distinct classes in a
same linear space either of same type or of distinct types. Now we can state our results.
Theorem 1. Let L be a linear space with a C-class [r]; hS-classes and k singletons.
If r has length n+1;L is embeddable in a projective plane of order n in the following
two cases.
(1) h< 3=2n− 5 and k <n+ 1.
(2) h<n=2− 4 and n+ 16k <n+pn+ 1.
Theorem 2. Let L be a linear space whose equivalence classes are only h S-classes
and k singletons. Then; all lines in S-classes have the same length n. If k6n+ 1;L
is one of the following structures.
(1) L is an ane plane of order n; h= n+ 1; k = 0.
(2) L is a punctured ane plane of order n; h= n+ 1; k = n+ 1 (n> 2).
The proof of Theorem 1 will be oered in the Section 2.
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Theorem 2 is an immediate consequence of the following propositions.
Proposition I. Let L be a linear space whose equivalence classes are only h S-classes
and k singletons. Then; all lines in S-classes have the same length n. If k <n;L is
an ane plane of order n; h= n+ 1 and k = 0.
Proposition II. There exists no linear space L whose equivalence classes are only
h S-classes (h> 0) and n singletons; where n is the length of lines in S-classes.
Proposition III. LetL be a linear space whose equivalence classes are only h S-classes
and n+ 1 singletons; where n is the length of lines in S-classes. Then; h= n+ 1 and
L is a punctured ane plane of order n (n> 2).
2. Proof of Theorem 1
Let L= (P; L) be a non-degenerate nite linear space. If there exists a C-class [r]
in L, by Propositions 2.1 and 2:8 in [5], a dierent class [s] is neither a C-class nor
a P-class.
Let n+1 be the length of r. By (i) every line in [r] has length n+1. By Proposition
2:5 in [5], the lines in each S-class [si] (i = 1; : : : ; h) have length n and each point
on lines in [r]; [s1]; : : : ; [sh] has degree n + 1. Let `1; : : : ; `k be the singletons in L.
Obviously j`jj6n + 1; 8j = 1; : : : ; k. The long lines in L have length n + 1. Every
point x in L has degree rx>n+ 1. If x belongs neither to lines in [r] nor to lines in
[si] (8i = 1; : : : ; h), every line through x is a singleton. First, suppose k6n+ 1. Every
point has degree n+ 1. Since r has length n+ 1, every line, distinct from r, meets r
and we have
b= i(r) = 1 + (n+ 1)n:
Furthermore, since each line has length at most n+ 1,
v61 + (n+ 1)n:
Suppose k <n+1 and h< 3=2n− 5. There exists a point x on r such that x does not
lie on singletons. The point x belongs to at most h lines in S-classes and n + 1 − h
lines in [r]. Thus,
v>1 + h(n− 1) + (n+ 1− h)n>n2 − n=2 + 6:
By Corollary 6:14 in [12], L is embeddable into a projective plane of order n.
Now, suppose k = n + 1 and h<n=2 − 4. There exists a point x on r such that x
belongs at most to one singleton, h lines in S-classes [si], and n + =1 − h − =1 lines in
[r]. Hence, we obtain
v>2 + h(n− 1) + (n− h)n:
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By h<n=2− 4, we nd
v>n2 − h+ 2>n2 − n=2 + 6:
By Corollary 6:14 in [12], L is embeddable into a projective plane of order n. Finally,
suppose n+1<k<n+
p
n+1 and h<n=2−4. The lines through a point z of degree
rz >n+1 are all singletons. By k < 2n+3, there exists at most one point z of degree
rz >n+ 1. All other points have degree exactly n+ 1. Every singleton `j has at least
one point of degree n+ 1. Hence, `j has a common point with r. Thus,
b= n2 + n+ 1:
By k < 2(n+1), there exists at least one point x on r such that at most one singleton
and h lines in S-classes pass through x. Then, counting points on lines through x, we
obtain
v>2 + h(n− 1) + (n+ =1− h− =1)n;
v>n2 − h+ 2:
Since h<n=2− 4, we nd
v>n2 − n=2 + 6:
If there exists no point z of degree rz >n+ 1, Corollary 6:14 in [12] implies that L
is embeddable into a projective plane of order n.
Now, suppose that there exists one point z of degree rz >n+1. By Theorem 7:4 in
[12] (also in [11]), we deduce n=m2 is a perfect square and L is embeddable into the
closed complement of a Baer-subplane in a projective plane of order n. Furthermore,
the point z has degree n+m+1 and there are n+m+1 singletons in L. So, we have
k>n+
p
n+ 1, a contradiction.
Remark. In [5] the linear spaces with either a unique class [r] of type C or one
C-class [r] and one S-class [s] have been characterized.
Proposition 2.1. Let L be a linear space with a C-class [r]; h S-classes [s1]; : : : ; [sh]
and k singletons [`1]; : : : ; [`k ]. If h>2; then k > 0.
Proof. On the contrary, suppose h>2 and k =0. We denote by n+1 the length of r.
By (i), each line in [r] has length n+ 1 and, by Proposition 2:5 in [5], each line in a
S-class has length n. By (ii) and (iii), each point has degree n+ 1. Then, every line,
distinct from r, meets r. We have
b= 1 + (n+ 1)n: (2.1)
Let ti+1 be the cardinality of a S-class [si]. By Propositions 2:4 and 2:5 in [5], every
line, which does not belong to [si], meets si. Thus,
b= 1 + ti + n2: (2.2)
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By (2.1) and (2.2), we obtain
ti = n:
By Proposition 2:4 in [5], the ti + 1 = n+ 1 lines in [si] meet every line in a S-class
[sj], with sj  si. Since sj has length n, we have a contradiction.
Proposition 2.2. LetL be a linear space whose equivalence classes are only a C-class
[r] and k singletons [`1]; : : : ; [`k ]. If k 6= 0; then k >n+ 1; where n+ 1 is the length
of r.
Proof. On the contrary, suppose k6n + 1. By (i), each line in [r] has length n + 1
and by (iii) every point on a line in [r] has degree n+1. Hence, every point in L has
degree n+ 1 and b= n2 + n+ 1. Since k6n+ 1, the cardinality of [r] is at least n2.
Every singleton meets each line in [r]. Let L0 be a maximal clique in L such that L0
contains each line in [r]. Thus, jL0j = b0>n2 + 1. L is a nite linear space of order
n with a maximal clique L0 of size b0>n2 + 1>n2 − n+ 2. Then, by Theorem VIII
in [6], either b0 = n2 + n+ 1; L is a projective plane and k = 0 or b0 = n2 + 1, and
L is a punctured projective plane and there are only two classes, one C-class and one
S-class. So, we have a contradiction.
Proposition 2.3. LetL be a linear space whose equivalence classes are only a C-class
[r] and k singletons [`1]; : : : ; [`k ]. If r has length n+1 and k 6= 0; then k>n+
p
n+1.
Proof. By Proposition 2.2, k >n + 1. Now, suppose n + 1<k<n +
p
n + 1. There
exists at most one point z of degree rz >n + 1. Every line other than r meets r and
we have
b= n2 + n+ 1:
The size of [r] is n2 + n+ 1− k >n2 + =n+ =1− =n−pn− =1.
Let L0 be a maximal clique in L such that L0 contains all lines in [r]. Thus,
jL0j= b0>n2 −
p
n+ 1. L is a nite linear space of order n with a maximal clique
of size b0>n2 − n+ 2. Then, by Theorem VIII in [6], either b0 = n2 + n+ 1; L is a
projective plane and k=0 or b0 =n2 +1; L is a punctured projective plane and k=0.
So, we have a contradiction.
3. Proof of Proposition I
Lemma 3.1. There exists no (n + 1; 1)-design L on n2 points and n2 + n + 1 lines
such that the equivalence classes in L are only S-classes; whose lines have length n;
and k singletons; with k6n+ 1.
Proof. Let L be a (n + 1; 1)-design on n2 points and n2 + n + 1 lines. If n = 2, we
have v = 4 and b= 7, a contradiction. Thus, n> 2. By a result of Vanstone [14], L
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can be embedded into a projective plane of order n. Furthermore, L is obtained from
a projective plane  by deleting a set U of n+ 1 points with the following property:
8u; v 2 U; u 6= v; ju; vnUj>2:
Since every point x has degree rx = n+1, 8u 2 U 9x 2 Pjx; u\U= fug. Every line `
has length j`j6n+1. If the equivalence classes in L are only S-classes and singletons
and the lines in S-classes have length n, the set
Ln = fu; vnU j u; v 2 U; u 6= vg
is a subset of the set of lines in L consisting of singletons. The task is to show
jLnj>n + 2. If n = 3, each line in Ln has length 2 and we have jLnj = 6>n + 1.
Now, we assume n>4. For the proof it is enough to consider the case that there are
two lines, `, `0 in  with `\`0 2 U `[`0. We denote by u the intersection `\`0. We
suppose that there are d+1 points of U, other than u, on ` and n−d−1 points of U,
other than u, on `0 (16d6n−3). We obtain at least 2+(n−d−1)(d+1) singletons.
By d>1 and n−d−2>1, we have 2+(n−d−1)(d+1)=n+1+d(n−d−2)>n+2.
Then, there exist in L at least n+ 2 singletons.
Proposition I. Let L be a linear space whose equivalence classes are only h S-classes
and k singletons. Then; all lines in S-classes have the same length n. If k <n; L is
an ane plane of order n; h= n+ 1 and k = 0.
Proof. Let L be a linear space with only h S-classes [s1]; : : : ; [sh] and k singletons
[`1]; : : : ; [`k ]. By Proposition 2:4 in [5] all lines in S-classes have the same length n
and every point on a line in [si] has degree n+ 1. Let x be a point in L. Obviously,
rx>n. If z is a point in L of degree rz 6= n + 1, all lines through z are singletons.
By k <n, every point in L lies on a line in a S-class and has degree n + 1. L is
an (n+ 1; 1)-design. Since k <n, there exists a point x on si which belongs to n+ 1
lines in S-classes. Then,
v= 1 + (n+ 1)(n− 1) = n2:
Every singleton `j has length j`jj6n+ 1.
If `j is a singleton of length n + 1, every line, distinct from `j, meets `j and we
obtain
b= 1 + (n+ 1)n:
By Lemma 3.1, we have a contradiction.
Thus, a long line has length n= order of L. Let ` be a long line in L. We nd
j`?j= n2 = v:
By Theorem IV in [9], for L one of the following four cases occurs:
(i) The doubly punctured Fano plane.
(ii) An ane plane of order n.
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(iii) A punctured projective plane of order n− 1.
(iv) The Fano quasi-plane.
In case (i) a long line has length 3, distinct from order 2 of L. Then, we have
a contradiction. Since L has order n, case (iii) does not occur. In case (iv) the
equivalence classes are three P-classes and three singletons (see [5]). Then, L is an
ane plane of order n, k = 0, h= n+ 1, [5].
4. Proof of Proposition II
Lemma 4.1. Let L be a (n+1; 1)-design such that the equivalence classes in L are
only S-classes; whose lines have length n; and singletons. If there exists at least a
point x which belongs to at most one singleton; the following condition is satised:
n2 − n+ 26v6n2 + 1:
Proof. Since every point has degree n + 1, every line ` has length j`j6n + 1. By
counting points on lines through x, we have
2 + n(n− 1)6v6n+ 1 + n(n− 1);
n2 − n+ 26v6n2 + 1:
Lemma 4.2. There exists no (n+1; 1)-design L on n2 points such that the equivalence
classes in L are only S-classes; whose lines have length n; and k singletons; with
0<k6n+ 1.
Proof. Let [si] be a S-class in L and S a maximal spread which contains each line
in [si]. By Proposition 2:4 in [5], every line in a S-class [sj], with sj  si, meets si.
Hence, a line ` in S, with ` 62 [si], is a singleton. Let `r; `s be two singletons, with
`r \ si == `s \ si. If `r \ `s = fzg, at least n+2 lines pass through z, `r; `s and the
n lines joining z to n points on si. So, we have a contradiction. Hence, `r \ `s = 
and `r , `s belong to S. Let t+1 be the size of S. Since every point has degree n+1,
we have
b= 1 + ext(si) + js?i j= 1 + t + n2 = 1 + t + v:
By Theorem V in [4], one of the following three cases occurs:
(a) L is an ane plane of order n, with t + 1 = n.
(b) L is a punctured ane plane, with a point at innity, of order n, where t+1=n.
(c) L is an (n + 1)-punctured projective plane L, of order n, with t = n, where
L is obtained from a projective plane by deleting n+ 1 points without removing any
line.
Since in an ane plane there exists no singleton (see [5]), L is not an ane
plane. If L is a punctured ane plane with a point at innity, there exists a P-class,
a contradiction. In case (c), we obtain b = n2 + n + 1. By Lemma 3.1, we have a
contradiction.
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Proposition II. There exists no linear space L whose equivalence classes are only h
S-classes (h> 0) and n singletons; where n is the length of lines in S-classes.
Proof. On the contrary, suppose that L is a linear space with only h S-classes
[s1]; : : : ; [sh] (h> 0) and n singletons [`1]; : : : ; [`n], where n is the length of lines in
S-classes (see [5]). By (ii) every point on lines in S-classes has degree n + 1. Every
singleton `j has length j`jj, with 26j`jj6n + 1. Let z be a point in L. Since si
has length n, rz>n. Furthermore, since the singletons are n, there exists at most one
point z, of degree n, which does not belong to any line in the S-classes. Suppose that
z is a point of degree n in L. Every singleton contains z. Thus, every singleton `i
meets each line in S-classes and each singleton `j 6= `i. Hence, `i  `j, for any two
singletons `i; `j. So, we have a contradiction.
Thus, every point x belongs to a line in a S-class and has degree n + 1. Since the
singletons are n, there exists at least one point x on si such that x lies on at most one
singleton. By Lemma 4.1, we have
n2 − n+ 26v6n2 + 1:
If h=1, there exist only two lines through x and we obtain n+1=2, a contradiction.
Then, h>2.
Suppose that x does not belong to any singleton and x lies on n+1 lines in S-classes.
We deduce
v= 1 + (n+ 1)(n− 1) = n2:
By Lemma 4.2, we have a contradiction.
Thus, we suppose v 6= n2. Every point lies on one singleton and n lines in S-classes.
Since the singletons are n, every singleton `j meets each line in S-classes. We have
v= j`jj+ n(n− 1) = n2 − n+ j`jj: (4.1)
Denote by ti + 1 the cardinality of a class [si]. By Proposition 2.4 in [5], every line
in S-class [sj], with si  sj, meets si. Then, we nd
b= 1 + ext(si) + js?i j= 1 + ti + n2: (4.2)
Thus, every class [si] has cardinality ti + 1. We obtain
b= (ti + 1)h+ n: (4.3)
The ti + 1 lines in [si] meet each line in [sj] ( j 6= i). Then,
ti + 16n:
By (4.2), we deduce
b6n2 + n:
First, assume b = n2 + n. There exist n2 lines in S-classes. Every singleton meets at
least n2 lines. Then, `j has length either n or n + 1. If j`jj = n, we have v = n2, a
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contradiction. Thus, we have j`jj= n+ 1. There exist n2 + n lines which meet `j and
b>n2 + n, a contradiction.
Now, assume
b<n2 + n: (4.4)
If either v= 4 or v>n2 − n+ 2, by the result of Erdos et al. [3], we have b>n2 + n.
By (4.4), v6n2 − n + 2. By (4.1), we have v = n2 − n + 2 6= 4 and j`jj = 2. By the
result in [3], we nd b>n2 + n− 1 and by (4.4), we obtain
b= n2 + n− 1: (4.5)
By (4.2), we nd ti+1=n−1 and by (4.3) and (4.5), we have (n−1)h+n=n2−1+n.
Then, h= n+1. Every singleton meets at least (ti +1)h= n2 − 1 lines. Since j`jj=2,
we have n= 2 and v= n2, a contradiction.
5. Proof of Proposition III
Every line in S-classes has length n and each point on lines in S-classes has degree
n + 1 (see [5]). Let z be a point which does not lie on any line in S-classes. Every
line through z is a singleton. Since the singletons are n + 1 and si has length n, the
degree rz of z is either n or n+ 1.
Suppose rz = n>2. Let `n+1 be the unique singleton which does not pass through z.
Every singleton, distinct from `n+1, meets each line in S-classes. The singletons which
have a common point with `n+1 are pairwise quasiparallel, the singletons, disjoint from
`n+1, are pairwise quasiparallel. If n> 2, at least two singletons are quasiparallel, a
contradiction. Now, suppose n = 2. The lines in S-classes have length 2. The lines
through z are two singletons, `1 and `2, with `1  `2. Hence, we may suppose `1 \
`3 = fxg and `2 \ `3 = ;. Let y be a point on `3, distinct from x. The line y; z is
distinct from `1 and `2, a contradiction.
Thus, every point has degree n+ 1. L is an (n+ 1; 1)-design. There exists a point
x on si which belongs to at most one singleton. By Lemma 4.1, we deduce
n2 − n+ 26v6n2 + 1: (5.1)
If v= n2, by Lemma 4.2 we have a contradiction.
Thus, we assume
v 6= n2: (5.2)
Every point belongs to at least a singleton and there exists a point x on si which lies
on one singleton `j, with j`jj 6= n. Every line in S-classes meets at least n singletons.
Denote by ti + 1 the cardinality of [si]. One of the following two cases occurs:
(i) b= 1 + js?i j+ ext(si) = 1 + n2 + ti;
(ii) b= 1 + js?i j+ ext(si) = 1 + n2 + ti + 1.
Since the line sj, with sj  si, meets each line in [si], we have
ti + 16n: (5.3)
S. Freni / Discrete Mathematics 208/209 (1999) 273{284 283
We deduce
b6n2 + n+ 1:
Suppose b= n2 + n+ 1. By (5.3), ti 6= n. Hence, case (i) does not hold and b= ti +
1 + n2 + 1. Thus, there exists one singleton disjoint from si. We nd n = ti + 1 and
v>(ti + 1)n+ 2 = n2 + 2. By (5.1), we have a contradiction.
Now, suppose b<n2 + n + 1. L is an (n + 1; 1)-design with at least n2 − n + 2
points and at most n2 + n lines. By Lemma 3.6 in [12], L can be embedded into a
projective plane of order n and we have
b= n2 + n: (5.4)
In case (i), ti + 1 = n and every singleton meets each line in S-classes. Obviously,
v>(ti + 1)n= n2:
By (5.1) and (5.2), we nd
v= n2 + 1: (5.5)
Suppose that a long line has length n, we have v61+(n+1)(n−1)=n2, a contradiction.
Thus, a long line ` in L has length n+ 1 and b>i(`) = 1 + (n+ 1)n. By (5.4), we
have a contradiction.
Hence, b= ti+1+ n2 +1= n2 + n and ti+1= n− 1. There exists a unique singleton
disjoint from the lines in [si]. Every class [si] has cardinality ti+1=n−1. Since there
exist n+ 1 singletons, we have
b= h(n− 1) + n+ 1 = n2 + n;
h(n− 1) = n2 − 1;
h= n+ 1:
By (5.4) we deduce that a long line in L has length n and
v61 + (n+ 1)(n− 1) = n2:
By (5.4) and (5.2), we have
n2 − n+ 26v<n2: (5.6)
Since L is embeddable in a projective plane of order n, by (5.4) and (5.6), L is
obtained from a projective plane  by deleting d points (n + 26d62n − 1) and
removing one line. If we delete n points on a line ` and at least two points, which do
not belong to `, there exist at least 2n singletons. Since the singletons are n+1, L is
obtained from  by removing all points on ` and at least one point, which does not
belong to `. Suppose that we remove n+ 1 points on ` and at least two points which
do not lie on `, we have at least 2(n + 1) singletons. Since there exist exactly n + 1
singletons, L is obtained from  by removing n+ 1 points on a line ` and one point
x 62 `. We have n + 1 S-classes of cardinality n − 1 and n + 1 singletons of length
n− 1. L is a punctured ane plane of order n (n> 2).
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6. For further reading
The following references are also of interest to the reader: [4] and [7].
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